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Abstract 

Covariant loop gravity comes out of the canonical analysis of the Palatini action and the use of the 
Dirac brackets arising from dealing with the second class constraints ("simplicity" constraints). Within 
this framework, we underline a quantization ambiguity due to the existence of a family of possible Lorentz 
connections. We show the existence of a Lorentz connection generalizing the Ashtekar-Barbero connection 
and we loop-quantize the theory showing that it leads to the usual SU{2) Loop Quantum Gravity and 
to the area spectrum given by the SU (2) Casimir. This covariant point of view allows to analyze closely 
the drawbacks of the SU (2) formalism: the quantization based on the (generalized) Ashtekar-Barbero 
connection breaks time diffeomorphisms and physical outputs depend non-trivially on the embedding of 
the canonical hypersurface into the space-time manifold. On the other hand, there exists a true space- 
time connection, transforming properly under all diffeomorphisms. We argue that it is this connection 
that should be used in the definition of loop variables. However, we are still not able to complete the 
quantization program for this connection giving a full solution of the second class constraints at the 
Hilbert space level. Nevertheless, we show how a canonical quantization of the Dirac brackets at a finite 
number of points leads to the kinematical setting of the Barrett-Crane model, with simple spin networks 
and an area spectrum given by the SL{2, C) Casimir. 
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1 Introduction 



Loop Quantum Gravity as developed today seems to be a promising approach for quantizing general relativity 
(for reviews see jHH). Although it gives some interesting results like discrete quanta of area and volume 
and a derivation of the black hole entropy [3], there appear several problems. First of all, it is based on the 
use of a space triad and an SU{2) connection where SU{2) is the gauge group for the three dimensional space. 
This particular choice of variables loses the explicit covariance of the theory and a space-time geometrical 
interpretation jH). Moreover, there exists an additional puzzle: a free parameter in the theory, the so- 
called Immirzi parameter [7. This parameter comes out of a canonical transformation but creates a full 
one-parameter family of quantizations which are not unitarily equivalent [S]. It was an open problem to 
understand the physical relevance of the Immirzi parameter and how it effectively influences the dynamics 
of the quantum theory. It turned out that this problem can be studied from a new point of view in the 
framework of an explicitly covariant formalism [Hj . The obtained results suggest that the Immirzi parameter 
should disappear from the physical output of a path integral formulation of quantum gravity as well as 
of its canonical quantization based on this covariant formulation |in| lllj . The goal of the present paper 
is to explain how one can derive the SU{2) Loop Quantum Gravity (LQG) from the covariant canonical 
quantization. This will allow us to tackle the issues of LQG from this different point of view, and discuss 
the drawbacks of LQG. 

Loop quantum gravity with the Immirzi parameter was shown to come from a canonical analysis of the 
generalized Hilbert-Palatini action in the so-called time gauge [12\ An explicitly covariant canonical 
analysis of this action was carried out in and led to a proposal for its quantization in |lllll4j . Although in 
|14| a Hilbert space for the quantum theory has been proposed, it is not clear whether it is the right solution 
or not. A rigorous construction of such a space of quantum states remains to be done and there are still 
many questions to be answered within this new formalism. Besides the issues related to the non-compactness 
of the Lorentz gauge group ^S], the situation is complicated by the nontrivial canonical structure of the 
theory. Indeed, since the covariant analysis was done through introducing the Dirac bracket taking into 
account the second class constraints (also called simplicity constraints), the commutation relations of the 
basic variables have changed. In particular, the connection becomes non-commutative which is a major 
obstacle to understanding the geometrical meaning of the theory and to building an appropriate Hilbert 
space. 

Nevertheless, a strong result of the formalism is that there exists a unique Lorentz connection in the 
theory which transforms properly under space-time diffeomorphisms. It is the true space-time connection. 
Still, its geometrical interpretation in quantum theory is not straightforward since it is non-commutative. 
However, it turns out possible to write observables and a Hilbert space of quantum geometry states using 
functionals of the connection and of the foliation. This brings the theory close in its formulation to the spin 
foam setting ^]. Moreover, a nice feature of the resulting theory is that the physical output of the theory 
does not depend on the Immirzi parameter. This quantization seems the most natural since it respects all 
the classical symmetry and does not break the space-time diffeomorphism invariance. 

Now, is there a place for the usual SU{2) Loop Quantum Gravity in the framework of the covariant 
theory? The answer is affirmative. It turns out there exists a natural covariant generalization of the Ashtekar- 
Barbero connection what makes possible to derive LQG starting from the covariant quantization. Moreover, 
this connection is the only commutative one. This last feature simplifies a lot the quantization process. It 
turns out to yield exactly the same Hilbert space as SU{2) LQG and to reproduce the area spectrum of the 
SU (2) approach. This derivation establishes an exact correspondence between the covariant formalism and 
the usual one. The study of this case is interesting because it can be a guide for the "correct" diffeomorphism 
preserving quantization since it is possible to solve explicitly the second class constraints at the quantum 
level using this generalized Ashtekar-Barbero connection. It also helps to look at the issues of SU (2) LQG 
from a new point of view since the problems encountered in this new (covariant) approach are unavoidable in 
SU{2) LQG. In particular, the scalar (Hamiltonian) constraint turns out hard to understand and the SU{2) 
theory definitively breaks the space-time diffeomorphism invariance, as it was foreseen in j^j. 
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The paper is organized as follows. We begin in section 2 by considering the basic features of possible 
ways to construct the canonical formulation of general relativity with the Lorentz gauge group. We introduce 
several objects, generalizing the Ashtekar-Barbero connection in different ways, which are shown to be all 
related with each other. Then we introduce the covariant Ashtekar-Barbero connection and give a precise 
account of its properties. Using this connection, we quantize the theory following the usual techniques of the 
loop approach. Namely, we construct the corresponding Hilbert space and show that, in a particular gauge, 
it reproduces the Hilbert space of the SU{2) approach. In other words, we derive SU{2) LQG from Covariant 
Loop Gravity at the level of the Hilbert space. Then we explain different drawbacks of the SU{2) formalism, 
in particular we point out that it breaks the diffeomorphism invariance at the quantum level. We argue that 
a correct quantization should be based on the covariant space-time connection described in section 3. We 
also discuss the link of the canonical formalism with the spin foam approach. Spin foams should arise as 
models of the space-time resulting from LQG The current model, the Barrett-Crane model, is shown 
to have some similarities with the present covariant approach and shares the similar kinematical Hilbert 
space of quantum states. In section 4, we comment on the role of the Immirzi parameter in Loop Quantum 
Gravity. Section 5 is devoted to conclusions and discussions. 

2 Deriving the SU (2) formalism from the covariant one 

2.1 Canonical formulations and the Ashtekar-Barbero connection 

The action for general relativity that we study here is the generalized Hilbert-Palatini action: 

Sip) = \j ea/37<5e" A A {W^ + ^ * W^), (1) 

where [a is an internal Lorentz index) is the tetrad field, fi"^ is the curvature of the spin-connection 
and the star operator is the Hodge operator defined as -kQ.^^^^ = ^£"^^^^7'^''. Under the restriction that the 
tetrad e is not degenerate, the equations of motion of this action lead to the usual Einstein equations and 
thus do not modify general relativity. Nevertheless, the addition of an extra term compared to the original 
Palatini action leads to the introduction of a new coupling constant (3. As was shown by Hoist ^2]) in the 
so-called time gauge, this additional term leads to Loop Quantum Gravity with (3 as Immirzi parameter in 
the quantum theory. Therefore, it was suggested that /3 gives rise to a new fundamental physical constant 

A summary of the canonical analysis of the action without any gauge fixing can be found in appendix 
1X1 There are second class constraints in the theory. There are two main ways to deal with such a system. 
We can either solve them or take them into account in the symplectic structure by modifying the Poisson 
bracket to the Dirac bracket. 

The first alternative has been worked out by Barros e Sa in ^H]- After solving the second class constraints, 
the natural configuration variables parametrising the system are the field = — e*"/e*^ (a being an su{2) 
index and t the space-time index), which is the space components of the time normal or internal time 
direction, and a generalization of the Ashtekar-Barbero connection of LQG {i being a space index): 

4(bar) _ , ,(/3) , , ft 

where we use the notation uj^i^ = Uc^p ~^ ^ * ^ap- To show the relation of A^"^^^^ with the Ashtekar-Barbero 
connection, one imposes the time gauge. In these variables, it is described by the choice x = 0, which can 
be achieved by using the Gauss law constraints generating the internal Lorentz boost transformations. In 
this gauge, one finds the exact set-up of LQG with Immirzi parameter /?, reproducing Hoist's result ^12^. In 
particular, [3A'^^'^^'^ coincides with the usual Ashtekar-Barbero connection, when expressing wf^ through the 
triad by means of (a half of) the Gauss constraints. 

The disadvantage of this formalism is that it breaks the covariance of the theory when solving explicitly the 
second class constraints. As a result, it becomes rather complicated and awkward for making calculations. To 
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simplify the calculations, one imposes the time gauge, which breaks the boost part of the Lorentz symmetry 
and returns us to the usual SU{2) formulation. Thus, this way can add nothing new to our understanding. 
Besides, the canonical variable ^(^^'') is in fact neither a Lorentz nor an SU{2) connection. Therefore, it 
turns out to be inappropriate for loop quantization, especially, if one seeks a quantization preserving the 
Lorentz symmetry. 

The other alternative, followed by one of the author, is to use the second class constraints to induce a 
Dirac bracket [S]. This allows to leave the Lorentz covariance untouched and thus to construct an explicitly 
covariant theory. Doing so, we can keep an SL{2, C) connection as a canonical variable. However, due to 
the presence of the Dirac bracket, the canonical variables do not play a preferable role anymore and there 
exists many other Lorentz connections which can be constructed from the canonical variables. This gives 
rise to a quantization ambiguity in the loop approach, since each of them can be used in the definition of 
loop variables. Then, following the philosophy of LQG, if we require that the area operator be diagonal on 
the Wilson loops defined by the connection, we end up with a two-parameter family of possible SL{2, C) 
connections. Following the methods of LQG, one can derive the corresponding family of area spectra (|66|) . 
which now contain the Casimir operators of SL{2,C) jlUl lllj . The main technical difficulty of this method 
is the resulting non-commutativity of the SL{2, C) connection. An expression of j^,^}/) computed in 
can be found in appendix [O 

From this covariant approach, it is easy to reconstruct the variables of the SU{2) approach. Indeed, a 
suitable projection of the canonical SL{2,C) connection Af- {X is an sl{2,C) index) gives an equivalent of 
the Ashtekar-Barbero connection: 

Ai-^^^ = lfQ^y{6^,-puy)Af. (3) 

Namely, as is shown in appendix El its three non- vanishing components A[^^^^ coincide (up to /?) with the 
quantity © and thus coincide with the Ashtekar-Barbero connection in the time gauge x = 0. Further, 
they form a connection of the "boosted" subgroup SU^{2) , constructed explicitly in Appendix El when x 
is constant over the canonical hypersurface. Moreover, despite the fact that the canonical connection A is 
non-commutative, A'^'^^^ commutes with itself (see appendix IH)) . Thus, taking A^^^^ as a canonical variable, 
in any gauge x = const, the phase space has the same structure as in the usual SU (2) approach. 

This consideration allows to reproduce the phase space of the SU{2) approach at the classical level. 
However, it simply amounts to break the covariance of the theory and translate the SU (2) connection 
variables into the new formalism: it is not equivalent to derive the SU (2) setting from a covariant quantum 
theory. The reason is that A'^'^^'^ can be considered as an SU{2) connection, whereas the covariant loop 
quantization should be based on a Lorentz connection. Remarkably, there exists such a Lorentz connection 
which is a natural generalization of the Ashtekar-Barbero one We describe its properties and the results, 
which it leads to, in the next paragraph. 

2.2 The covariant Ashtekar-Barbero connection 

The canonical analysis done in preserving covariance, as described in appendix A, leads to a two-parameter 
family of Lorentz connections ()58|) with such commutation relations that the corresponding Wilson lines are 
eigenstates of the area operator. As it had been noted in if we choose the parameters of the connection, 
a and h in equation (|^H|) . to be as follows 

a = -p, 6=1, (4) 
we obtain a connection, which reproduces the results of the SU{2) approach. Indeed, it takes form 

Af = /(S)y(^I - /?nl)4^ - PR^AliQ) = 4^^'^'' - PR^^Im (5) 
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where Kf{Q) is a function of x only:^ 

This particular connection possesses the following properties: 

• For X constant on the hypersurface it coincides with A^'^'^ from equation Q and, in particular, for the 
"time gauge" x = Oi it coincides with the Ashtekar-Barbero SU (2) connection, thus being its Lorentz 
generalization: 

Af = {^\e\,Jr-i3u:T). (7) 

• As the Ashtekar-Barbero connection, it is commutative (see appendix lU)) 

{Af,Aj}^ = 0. (8) 

• Its commutator with the triad multiplet is (see equation 

{Kf,Q\.}o = -mfQ)Y^ (9) 

where /(q) is the projector on the S\J (2)^ part of the Lorentz group. 

Due to this last relation, the area spectrum given by this SL{2, C) connection coincides exactly with the 
one coming from Loop Quantum Gravity given by the Casimir operator of SU{2): 



S ~ ni3^C{su{2)). (10) 



2.3 SU(2) Hilbert space from covariant quantization 

Having in hands a Lorentz connection reproducing classically the properties of the SU (2) Ashtekar-Barbero 
connection, we can ask if this relation is maintained at the quantum level. It turns out that choosing the 
connection ((21) as a basic variable, the covariant theory can be relatively easy quantized. In particular, the 
second class constraints can be properly imposed at the quantum level. Then, in a particular gauge, we 
actually recover the usual SU{2) spin network Hilbert space of LQG. Thus, we are able to derive the SU{2) 
LQG from the quantized covariant formulation. 

Having a Lorentz connection, the natural objects to consider are the holonomies or the Wilson lines 

U^[A] = Pexp (^j dx'AfTx^ , (11) 

where a is an oriented path and Tx are the SL{2, C) generators. Taking their trace for a closed loop a in 
a given representation of 5L(2,C), we obtain gauge invariant objects. We usually look at the representa- 
tions R^'^'P^ from the principal series of unitary irreducible representations of SL{2,C) (see appendix IdI for 
details), since they are the ones entering the Plancherel formula. Such observables can be generalized to 
arbitrary oriented graph and give rise to spin networks 15^ • However, this construction is not enough in our 
case because these functionals are not eigenvectors of the area operator and do not have a direct physical 
interpretation. Indeed, at a given point x of intersection of the loop and a small surface whose area we are 
computing, we need to decompose the representation R^^'P^ of SL(2,C) into representations V'^, ^ of the 

subgroup S'C/^(3;)(2) , which leaves the vector xi^) invariant. According to equation ((Tn|) . each subspace 
will contribute (3\J j{j + 1) and the overall area operator will not be simple multiplication on the SL{2,C) 
Wilson line. 

^Let us note that the same expression arises naturally when one extends the Ashtekar-Barbero connection by technics of 
diflterential geometry (see appendix IeI. 
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In order to get an eigenvector, we need to select a particular subspace V^,^. Since this subspace depends 
on the field Xj this leads us to consider gauge invariant functionals of both the connection A and the time 
normal field x- Notice, that it is consistent due to the relation (|64j) . Gauge invariance will then read 

/(A, x) = fi'A = gAg-' + gdg-\<^x = 5 • x)- (12) 

Such invariant functions are in fact entirely given by the functions /^q(A) = /(A,x = xo) taken for x 
constant on the hypersurface equal to xo- The remaining gauge symmetry of /^^ is only an SU{2) gauge 
symmetry and is compact. The choice of section "x = Xo" will be called the time gauge. 

Following the ideas of loop quantum gravity where one considers cylindrical functions of the Ashtekar- 
Barbero connection, we introduce cylindrical functions /r(A,x) which will be constructed on an oriented 
graph r. They will depend only on the holonomies Ui, . . . , Ue of A along the edges of T and on the values 
Xi, . . . , Xv of the field x at the vertices of T. The gauge invariance will then read^ 

fr{Ui,...,UE,xi,---,xv) = fv{gt(e)Ueg~l^),gvXv) with e 5L(2,C), (13) 

where s{e) (t(e)) is the source (target) vertex of edge e. One can use the Haar measure on [SL{2,C)\^ to 
introduce a (kinematical) scalar product on the space of gauge invariant functions: 



{f\g)= dUefr{Ue,Xv)9r{Ue,Xv)- (14) 

J[SL{2,C)]'^ 

This scalar product does not depend on the choice of (xi, • ■ . , Xv) due to the Lorentz invariance. We denote 
TCq the resulting Hilbert space. Let us emphasize that this will not be the physical Hilbert space since it is 
likely that we will need to modify the scalar product (|14|) to take into account the second class constraints. 
Nevertheless, exhibiting a basis of TCq sheds light on the structure of the theory. 

To construct it, we take the usual SL{2,C) spin networks, and insert a projector /|^^ ^ : R^'^'P^ — > V^^ 
at each edge around every vertex v. This procedure is equivalent to the change of the Wilson lines by 
Wilson lines projected at the ends 

^O.(e) X] = I^;^e\Ml^^l^y (15) 



The projector can be written as 



/g; = (2i + l)/ dhCi{h)D{h), (16) 



where is the character of the SU{2) representation j and D[h) is the representation matrix of the 
group element h. It is important that the projector depends on x- Due to this dependence it transforms 
homogeneously under Lorentz boosts 

lf^^=D{g)I^g^D-\g), (17) 



■^In fact, the x field is a vector field {l,x'^), with < 1- One can normalize the time normal so it is represented by a vector 
living on the (upper) hyperboloid of the Minkovski space, as in the spin foam context |16| . This defines a vector field 



Then, the transformation law of x is simply the usual Lorentz transformation in the Minkovski space. This is what is implicit 
in the definition of the new cylindrical functions and the projected spin networks. Moreover, using this new field can simplify 
expressions of some functions of x such as 

^ ^ I Ca XQXc (^Sq^X XaX 
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as well as the Wilson lines ()15p. Therefore, the resulting projected spin networks are still gauge invariant and 
belong to our Hilbert space Tio. Due to the projections, they are labelled by one SL{2,C) representation 
{ue-iPe) for each edge e, two SU{2) representations for each edge {js{e)-,3t{e)) (for the source and target 
vertices of e) and SU{2) intertwiners at all vertices ^B]- It is straightforward to check that two projected 
spin networks with different labels are orthogonal with respect to the scalar product (|14j) . Their completeness 
is also evident. Thus, the projected spin networks realize an orthonormal basis in TIq. 

Moreover, such states are eigenvectors of the area operators of surfaces intersecting the spin networks at 
vertices, and the area attached to one edge at a vertex is given by the SU (2) representation j attached to 
the corresponding end of the edge: 

S^(5^j{j + l). (18) 

Interestingly, this does not depend at all on the SL{2, C) representations. What are they here for? For the 
moment, they give the way the projected spin networks change under SL{2, C) gauge transformations. We 
can say that the SU{2) representations define the space geometry while the SL(2,C) representations give 
its space-time embedding and define how it gets modified under boosts. However, we have not finished the 
job yet and we still need to take into account the second class constraints. 

The second class constraints now correspond to the constraints satisfied by the connection 

ifp^yAl = U^AY{Q). (19) 

Through this relation, A depends explicitly on x, and this reduces the number of independent components 
of A from 18 to 9. The physical meaning of the constraints becomes obvious in the time gauge, when one 
rotates x to xo on all the hypersurface. Then we have I(p)A. = 0. As a result A is reduced to its SU^q{2) 
part and becomes simply an SU{2) connection. Computing the holonomies of A, we get group elements 
belonging to the SU^g(2) subgroup. This has an immediate consequence that the projected Wilson lines 
(fT^ are non vanishing only for js(e) = ^^(g) and produce the usual SU{2) Wilson lines: 

U'''''''''''\a,xo]=Sj^^^^j^^^^^^ (20) 

where t denotes the embedding of an SU{2) group element into a representation R^'^'P^ of SL{2,C). In 
fact, since the result does not depend on the SL{2, C) representation, we can omit this embedding provided 
it was chosen so that j > n. Otherwise the representation j does not enter the decomposition of R^"-'P^ 
over the subgroup and the projection (jlSf) vanishes. Therefore, it is enough to restrict ourselves from 
the very beginning to one arbitrary simple representation of type R^^'P^ since each of them contains in its 
decomposition all spectrum of SU{2) representations. 

Thus, from (|20)) we obtain that each edge is labelled by only one SU{2) representation jg and associated 
with an SU{2) group element. Then, the projected spin networks, evaluated in the time gauge, reduce to 
the usual SU{2) spin networks, which are actually the natural SU{2) gauge invariant objects. The scalar 
product, which takes into account the reduction of the configuration space induced by the second class 
constraints, is not anymore the kinematical one but 

{f\9) = I ^^^^ dUe7;M)9xoiUe). (21) 

We have actually recovered the full (kinematical) structure of SU (2) Loop Quantum Gravity at the level of 
the Hilbert space. 

Up to now, we have described how covariant functions of the connection and the time normal field, which 
are solutions to the second class constraints, look like in the time gauge. However, we would like to be more 
ambitious and describe the physical Hilbert space out of the time gauge, i.e., characterize the space of all 
gauge invariant functionals of Lorentz connection and Xi which are nontrivial only for the solutions of the 
constraints. This will complete the implementation of the second class constraints at the quantum level. 
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Let us have a closer look to the situation in the time gauge. One can note that for the Lorentz connection 
satisfying ()19() the insertion of the projector on a representation j in the middle of an edge has a trivial effect: 
if js{e) = jt{e) = j we get identity, otherwise the result vanishes. Therefore, we can infinitely refine each edge 
of the initial graph by adding infinite number of bivalent vertices. Each of them introduces the corresponding 
projector so that the refinement is equivalent to consider the following fully projected Wilson lines |14j : 

t/^-)[A,x]= lim v\l[ll^ )UaJA]ll{^ ], (22) 

where a = {Jn=i '^n is a partition of the line into small pieces. As we just showed, this procedure does not 
change the projected spin network for the connection A: 

Z^(^'^-)[A,x] = f/(^')[A,x]. (23) 

Now we prove that provided each edge is associated with a simple representation R^^'^^ of SL{2, C), such 
infinitely refined projected spin networks depend only on the solution of the second class constraints ()19|). 
This statement follows from the property of the Lorentz generators: 

4i!^"';f)=A,)^;>«<?,. A,)=-^. (24) 

where Ha are generators of the SU^{2) subgroup. Fa are the corresponding boost generators. For the simple 
representations = which implies that the projected boost generators then vanish. On the other hand, 
the infinite refinement ()22() is equivalent to such projection in the exponent of Wilson lines (see JH), since 
for sufficiently fine partition, we can write: 

= V {n/;t^., (l + £ i:''AfT,) (25) 

and the projectors act directly on the connection AfTx- Therefore, in the time gauge it has an effect to 
change a projected Wilson line (fT3)) with jg(g) = j((g) = j by an SU{2) Wilson line in the representation j 
dependent only of SU^g{2) components of the connection. This is just the same result as the connection A 
gives. To leave the time gauge it is enough to make a gauge transformation. Due to the Lorentz invariance 
the infinitely refined projected spin networks still give a solution of our problem representing a basis of the 
physical Hilbert space. 

It is important to note that the constructed states are eigenvectors of all area operators |l4j. This result 
is provided by the infinite refinement: due to this, each point of an edge can be considered as a vertex. Thus, 
our states possess all properties of the SU{2) spin networks and are their Lorentz generalization. 



2.4 Drawbacks of the SU(2) formalism 

Thus the SU(2) LQG can be rigorously derived from the quantization of the covariant formalism based on 
the connection This allows to look at its status from the point of view of the covariant quantization. 
First of all, let us elucidate which problems the SU(2) LQG possesses and whether they can be solved in the 
covariant formalism. 

Apart from the problem of implementing the right Hamiltonian operator, there are two main issues. The 
first one is the Immirzi parameter /3 j7j. It appears in the classical theory parametrizing different Ashtekar- 
Barbero connections of the SU{2) approach, which all are related by a canonical transformation. However, 
this parameter enters the area spectrum. Therefore, that canonical transformation can not be implemented 
by a unitary operator and the resulting quantum theories are inequivalent. We discuss the physical relevance 
of the Immirzi parameter in section 21 Nevertheless, let us note that there does not exist any canonical 
transformation, relating theories with different values of /3, within our covariant formalism. 
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The next problem is the loss of the spacetime interpretation for the SU(2) connection Jj. Although it 
has not been taken into account seriously, it has deep consequences. In particular, this fact is probably the 
reason why the quantum constraint algebra does not reproduce the classical one and contains an anomaly 

minini. 

It turns out that the covariant formalism is very convenient to address this second problem. In terms 
of transformation properties it means that the Ashtekar-Barbero connection cannot be extended in such a 
way that it transforms as a true space-time connection under 4-dimensional diffeomorphisms. And indeed, 
it was shown that its Lorentz extension does not tranform correctly under the time diffeomorphisms jllj . 
As a result, the implementation of this symmetry in quantum theory in the framework of loop quantization 
fails. The reason is that loop operators are not mapped to the time translated loop operators after symmetry 
transformation.^ Hence the quantum diffeomorphism algebra contains an anomaly. 

However, may it not be a problem but an unavoidable property of quantum gravity? The answer depends 
on whether one can find a quantization preserving the full diffeomorphism invariance. If such a quantization 
exists, of course, it should be considered as more preferable, since the whole history of quantum theory 
tells that one should try to preserve classical symmetries as much as possible, especially, when they are as 
fundamental as the diffeomorphism invariance is believed to be. 

To answer this question, let us recall that the covariant Ashtekar-Barbero connection © is only one 
among the two-parameter family of Lorentz connections found in the covariant approach. In principle, each 
of the connections could be used in loop quantization and each would lead to different physics (for example, 
different area spectra). Thus, they represent a real quantization ambiguity of the loop approach. Could this 
ambiguity be resolved? Is it possible to find a criterion which allows to choose the right connection? 

The answer is affirmative and the corresponding criterion is actually simply that it transforms properly 
under the time diffeomorphisms. Indeed, it turns out that if we impose this additional restriction, there is 
only one connection satisfying it jllj . i.e., possessing a genuine spacetime interpretation. This means that 
there is a unique loop quantization preserving all classical symmetries of general relativity. Moreover, for this 
choice of connection the area spectrum does not depend on the Immirzi parameter. This gives an additional 
evidence in favour of such quantization and shows that all the problems appearing in SU(2) LQG are likely 
to find their solutions in the covariant approach. 



3 Quantization preserving diffeomorphism invariance 
3.1 Canonical structure and area spectrum 

In this section we describe the unique spacetime Lorentz connection diagonalizing the area operator and the 
resulting quantum picture. This connection corresponds to the choice a = 6 = in equation (j58j) what leads 
to the following shifted connection ^1 

Af = Af+ ' ^. R^sl!S)RTfzwFfQy. (26) 
2(^1 + ^J 

In this case the Dirac brackets can be given in the simple form: 

{Pk,P^}D = 0, (27) 
{Af,P^}D = 5ll^p)y. (28) 

whereas the commutator of two connections is much more complicated (see appendix ((nj) except from the 
relation: 

{/(P)i?~U, I(p)fl-U}z5 = 0. (29) 

''The situation is essentially the same as it would be if the connection does not transform correctly under the space diffeo- 
morphisms. Then there would not be easy way to realize this symmetry on the space of loop states. 
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The area operator following from the commutation relations ()28|) is expressed as a combination of two Casimir 
operators: 

S ~ n^C{su{2)) - Ci{so{3,l))- (30) 

As the connection ((Sj), A satisfies some constraints reducing the number of its independent components. 
There are 3 such constraints jlOj . However, we can use additional ambiguity to add to any quantity a 
combination of the second class constraints H57|) in order to remove 6 more components, without modifying 
any commutation relations. The most natural choice is 

= {l + ^yfp)y{R-YzAf + RM, (31) 

where 

rf = \f^ziS)QfdiQ^w + Ify"^ {mWrn + QfQJ - QfQ]) Q'zdiQlv- (32) 

It is clear then that the connection (|31|) satisfies the constraints: 

ifg^yAj =Tf{Q). (33) 

Let us note the most important differences in comparison with the case of the Lorentz generalization of 
the Ashtekar-Barbero connection described in section 

• The nontrivial part of the connection is contained in the boost rather than SU{2) components (see 

and (jSni)). 

• The nondynamical part of the connection given by Tf {Q) does not vanish in the time gauge. It gives 
actually a generalization of the Christoffel connection and it is defined by the triad field. 

• The connection remains noncommutative. 

• The commutation relations (|28|) and the area spectrum does not depend on the Immirzi parameter. 

All these differences have deep consequences for quantization. First of all, the noncommutativity of the 
connection brings doubts about the validity of the connection representation and the use of loop functionals 
as configuration variables. Nevertheless, we can try to ignore this difficulty for a moment with a hope to 
resolve it in the end of the way.^ Then we try to carry out the same program which was realized in section 
12.31 And we do not encounter any problems in the first part. The construction of the projected spin networks 
based on Wilson lines H15|) does not refer to particular properties of the used connection and it is still valid 
for any Lorentz connection. In this way we end up with the same kinematical Hilbert space Wq- 

However, we are not able to carry out the second part of the program and solve the second class constraints 
on this Hilbert space as we had done for the connection A. Indeed, we should somehow take into account at 
the quantum level that we fix the SU (2) components of the connection. Moreover, this fixed value should 
be determined by the triad E, which is difficult to realize using only functionals of connection. Maybe, this 
problem can be solved in a triad representation as done with the reality conditions for the self-dual (complex) 
Ashtekar formulation corresponding to the case (3 = i |20j . This will be investigated in future work. Thus, 
the problem of solution of the second class constraints for the spacetime connection at the level of Hilbert 
space looks quite nontrivial and remains to be done. 

Nevertheless, it is possible to sidestep this problem and impose the second class constraints at a finite 
number of points. Indeed, as explained in the next paragraph, it turns out that projected spin networks 
projected onto the trivial SU{2) representation j = solve the second class constraints at their vertices and 
give the same Hilbert space of quantum states as obtained from the spin foam approach. 

■'An example of such sitation, when we end up with commutative spin networks, can be found in |14| . Another way would 
be to look for a triad representation. 
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3.2 Recovering the spin foam basis 

Spin foam models are the space-time models corresponding to the evolving spin networks from LQG. Up 
to now, there has been lacking an explicit link between the existing spin foam models, which are based 
on SL{2,C), and the canonical framework, which is based on the SU{2) symmetry group. The present 
covariant canonical framework builds a bridge between these two pictures and this may help to build a 
consistent quantum space-time picture. 

The most promising spin foam model for both Euclidean and Lorentzian gravity is the Barrett-Crane 
model |211 122j . Its construction relies on methods from geometrical quantization [211 123j , but can also be 
related to the generalised Palatini action (with Immirzi parameter) through a generalised constrained BF 
theory j241 1251 1261. From the point of view of canonical quantization, it can be interpreted as quantizing the 
system without imposing the second class constraints and imposing them only afterwards at the quantum 
level. They can then be translated into the so-called simplicity constraints restricting the used SL{2,C) 
representations to simple ones, which have a vanishing quadratic Casimir operator |27 | I25 | l26j. 

More precisely, when carrying the canonical analysis [Oj, we get second class constraints of two types 
= n.-^''^ Q^^Qy (|56() and ip^^ (see H57() for an explicit expression). These constraints give raise to a Dirac 
bracket. Now, an interesting property of this Dirac bracket is that it is equal to the initial Poisson bracket 
when both the considered quantities commute with only the (p^^ constraints: 

{K,^} = {L,(P} = 0^{K,L}d = {K,L}. (34) 

This leads to think that considering only quantities that commute with the (j) constraints allows to ignore the 
ip constraints. The advantage of such a viewpoint is that the (j) constraints seem much easier to implement 
than the ip constraints. Moreover, it coincides exactly with the simplicity constraint used in spin foam 
models. More precisely, let us consider a spin network based on the initial SL{2,C) connection A and pick 
a point on a given link of the graph. Imposing that it commutes with (j) leads to an equation on the Casimir 
operators of the representation living on the chosen link: 

|Ci(5L(2,C)) = (1 - -1)C2(5L(2,C)), (35) 

where Ci = g^^TxTy and C2 = H^^TxTy are the two Casimirs of S0{3, 1). This equation is exactly the 
same as the one arising in the construction of spin foam models from the generalised Palatini action _251. 
Within the spin foam context, it was argued that such an equation is meaningless and it turned out that 
there exists an ambiguity in the quantization procedure which allows to rotate the constraint to the usual 
simplicity one C2 = 2(i, • This ambiguity is to be compared to the two-parameter ambiguity A{a, b) in the 
choice of a SL{2, C) connection in the covariant canonical frame H58|) : does taking full account of the second 
class constraints through the Dirac bracket and choosing the space-time connection A = A{Q, 0) cancel the 
rotation introduced by (3 and lead to the same result obtained for spin foams? 

To start with, let us look at the case /3 — > 00. This corresponds to the usual Palatini action without the 
extra term introduced by the Immirzi parameter, and we have the following Poisson bracket relations: 

{/(p)^,I(p)^}d = 0, 
{P,P]d = 0, 

{Af,Pl]D = 5ll^yy. (36) 

We would like to ignore I[q)A (which does not come in the commutation relation with the P field, and 
could be completely constructed as an operator from the P operator at the quantum level) and construct 
functionals depending only on I{^p)A. To this purpose, we consider simple spin networks, which are the j = 
case of the projected spin networks introduced in 12.31 [TH] . We choose a fixed (oriented) graph, whose edges 
we label with SL{2,C) representations {ne,pe). We construct the holonomies Ug of the connection A along 
these edges. We consider their trace on the SU{2) invariant subspace of the edge representation. This is the 
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j = subspace, and its existence selects out the simple representation (rie = 0, pe) which we will note simply 
Pe- Finally, the simple spin network functionals are: 

S^P^\Ue) = ]J{PeXs(e)j = 0\Ue\pe Xtie) j = 0), (37) 
e 

where Xv is the value of the field x the vertex v and \pXvj = 0) is the vector in the p representation which 
is invariant under SU{2)^^. These are cylindrical functionals of the connection A and depend only on I(^p)A 
at the vertices. Therefore, the Poisson bracket of two such functionals whose graphs intersect only at some 
common vertices vanishes. This is understandable within the spin foam context, where we have a complete 
discrete view of space-time. Only the vertices are (space-time) points, then an edge is a relation between two 
points and is not considered as a continuous line of points. Indeed only at the vertices, we do know the time 
normal. From this point of view, considering two simple spin networks, if their graphs intersect, then the 
intersection point is to be defined, and so it should be a vertex of the two graphs. Thus, either it is already 
a common vertex, or we should refine the graph (add a bivalent vertex in the middle of the edges) so that it 
becomes one. Moreover, we can compute the action of the area operator of a surface intersecting the graph 
at the end of an edge (at the vertex). The simple spin network is its eigenvector with eigenvalue: 

5~^-Ci(5L(2,C)) = ^p2 + i. (38) 

This spectrum is always well-defined, corresponds truly to a space-like surface and is, in fact, exactly the 
same area spectrum as obtained through the spin foam approach. To sum up, we can choose an initial set of 
points on the manifold which will be the vertices of all the considered graphs, then we consider the simple 
spin networks based on such graphs and we obtain a representation of the initial commutation relations 
and quantum structure which reproduces exactly the kinematical setting and the boundary states of the 
Barrett-Crane model JHl • This representation takes into account only the commutation relations (|36|) at the 
chosen points. In principle, we could build a delicate ladder of operators taking into account the necessity of 
considering the commutator of two simple spin networks only when their graphs intersect at common points, 
then it would be possible to get a complete representation of the Poisson brackets H36|) . 

This shows that the second class constraints build a theory based on the coset SO{3,l)/ SO{3) or 
SL{2, C)/SU{2) just as in the spin foam scheme. This result opens the door to a generalisation to higher di- 
mensions: it seems possible to reproduce, within the canonical approach, the spin foam result that simplicity 
conditions impose a SO{D) / SO{D — 1) coset structure to the quantum theory ^5] . 

Now let us look at the general case with (3 arbitrary. The Poisson algebra reads: 

0, (39) 
0, (40) 

5ll^yy. (41) 

The situation is complicated by the R change of basis. And it is not obvious how the above quantization 
procedure generalises in this case. Indeed the commutation relations between A and P invite us to consider 
the same functionals as previously. Nevertheless, the commutation relations A and itself tell us that the 
operator for I(^p)A will then not be trivial. The solution to the problem is to use the (second class) constraint 

ifQ^yAj =Tf{Q). 

First, we can change ^ to ^ without modifying anything in the Poisson brackets. Then, as I[q)A 
commutes with P, we get 

{I^^p)R-^AP]d = {kp)A- ^Ii^Q)AP]D = I[Py (42) 

Then, one has the same structure as previously replacing I(^p)A of the case /? — > cxd by /(p)i?^^^. One 
considers simple spin networks constructed with the connection A. The operator P is still the derivation 



{/(P)i?-M,I(p)i?-M}D = 
{P,P}d = 
{Af,Pi.}D = 
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with respect to A and its action is the insertion of the generators T of SL{2, C) . The operator I(q)A can be 

deduced as the Christofel symbol T(Q) constructed with the Q operator. Then, we can choose the operator 

I(^P^R~^A to be the multiphcation by /(p)^. This operator commutes with itself as any multiplication, which 

realises ()39p . Moreover, the commutator of the multiplication I(^p^Ax with the derivation operator P gives 
the identity, so that this choice of quantizaion realises the Dirac bracket (|42() and thus the bracket H41|) . 
Therefore, we have a complete realisation of the Dirac brackets of the connection and the triad. Finally, we 
can deduce the operator for I(^p)A from the operator for I(^p^R~^A: 

i^P)R~^A = i^P)A- -^ni(Q)^^ /(p)^ = /(P)^x +^nr(3). (43) 

This concludes the spin foam quantization in the canonical framework and shows that the Immirzi parameter 
(3 is not an obstacle to the quantization as had suggested the modified simplicity condition ()35() . 

4 Physical Relevance of the Immirzi parameter 

Prom the very beginning we introduced the parameter (3 in the theory. It was identified as the Immirzi 
parameter of SU{2) LQG through the canonical analysis in the time gauge ^2j. At the classical level it 
does not change the equations of motion and, therefore, it does not influence the dynamics. Does it play 
any role at the quantum level? The SU(2) LQG says it does. The main reason is that the physical spectra 
of geometrical operators, like the area spectrum depend on it. Besides, it comes in the Hamiltonian 
constraint and thus modifies a priori the dynamics of the theory. As a result, the Immirzi parameter should 
become physical and it should be considered as a new fundamental constant [Hj- It is usually argued that it 
can be fixed by looking at the black hole entropy. 

But we argued that the SU(2) approach is based on a wrong choice of the connection and there is another 
choice which seems to be the only correct one. Does the Immirzi parameter become physical in this second 
quantization? The results of section III say it does not. The main reason is that it does not appear in 
the commutation relations of the connection and triad mutliplet H28() . It is this commutator from which we 
derive the spectrum of area and other geometrical operators. Of course, the Immirzi parameter appears in 
the commutator of two connections (|78|) . but only in the universal form in the prefactors. Therefore, even 
if this commutator contributes to some physical results, it is very likely that the Immirzi parameter will be 
cancelled. 

One more evidence that the Immirzi parameter remains unphysical is given by the path integral quan- 
tization. It was shown that the formal path integral constructed for the generalized Hilbert-Palatini action 
does not depend on /3 j9j. Note that the path integral does not refer to any choice of connection but relies 
only on the BRST analysis based on the classical symmetry algebra. Similarly, the spin foam quantization, 
which can be understood as a discrete path integral, of the generalized Hilbert-Palatini action was shown not 
to depend on the Immirzi parameter j25| I26j . These two results point to the non-relevance of the Immirzi 
parameter in the space-time dynamics. 

All this allows to conclude that the appearence of the Immirzi parameter in the results of the SU(2) LQG 
is a consequence of the quantum anomaly in the four-dimensional diffeomorphism invariance. Instead, once 
the quantization preserving this symmetry is chosen, it remains unphysical as it was at the classical level. 

Moreover, the covariant formalism reveals that actually there are two ambiguities in the theory: choice 
of 13 due to the additional term in the generalized Palatini action, and choice of connection (the parameters 
(a, h)) which is used in the definition of loop variables. (This is also true in the spin foam context j25| I26j . 
where we have an ambiguity at the level of the BF action and an ambiguity when quantizing bivectors.) 
The first ambiguity is a classical one, whereas the latter is trully quantum. It is explicily seen from the 
commutation relations ()61() and the area spectrum (|66|) found for arbitrary connection of the family H58|). 
They depend only on the peremeters a and h from the definition of the connection but not on (3. The 



13 



dependence on the Immirzi parameter in the SU(2) case appears only after the identification (a, b) = {—(3, 1) 
In any case, this quantum ambiguity is fixed by the requirement to retain the classical symmetry. 

5 Conclusions &; Outlooks 

In the present work, we have derived the framework of SU (2) Loop Quantum Gravity from the explicitly 
Lorentz covariant formalism. It was done not only at the classical level, but quantizing the covariant theory, 
so that we were able to reproduce the Hilbert space structure of SU{2) LQG from the Hilbert space of 
covariant quantization. This was possible due to the existance of a Lorentz generalization of the Ashtekar- 
Barbero connection. Choosing this connection as a basic quantum variable, the quantization program can 
be easily carried out. In particular, one can accomlish the most important step: to implement the second 
class constraints at the Hilbert space level. 

This derivation allows a new viewpoint on the dynamics of LQG. Indeed, the covariant approach makes 
easy to study the space-time symmetries and whether they are preserved or not through the quantization 
process. Because the covariant Ashtekar-Barbero connection does not transform correctly under time diffeo- 
morphisms, it is not a space-time connection. Therefore, there seems to be a prefered frame defined by the 
time gauge and the theory seems to break diffeomorphism invariance. 

We have also underlined the existence of a true space-time connection, the unique Lorentz connection 
which transforms properly under space-time diffeomorphisms. We described its properties, how to quantize 
the theory with this connection, and the problems which appear on this way. In particular, we suggested a 
quantization procedure which leads to the resulting picture of quantum geometry states similar to one of a 
particular spin foam model — the Barrett-Crane model. This hints toward a link between the space-time 
formalism given by spin foams and the canonical frame given by LQG and spin network states. One may 
hope to better uderstand the geometry defined by spin foams and find the right dynamics of the theory. 

Therefore, it would be very interesting to study the implementation of the Hamiltonian constraint within 
this covariant theory, an issue which we will investigate in future work. Nevertheless, this quantization 
procedure linking the canonical theory to the spin foam setting is based on solutions at a finite number of 
points to the second class constraints, relating the (space-like part of the) connection to the triad. It should 
be investigated whether it would be possible to impose them entirely, maybe using a triad representation as 
done in the self-dual complex Ashtekar formulation to deal with the reality conditions. 

The covariant approach also opens the door to study of Lorentz boosts and related covariance issues in 
Loop Quantum Gravity, as already discussed in [22]. Finally, the present analysis should be generalised to 
higher dimensions and it should be possible to prove the same link at the kinematical level between the 
canonical approach and the spin foam model as described in [28] . 
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A Lorentz covariant canonical formulation 

In this appendix we review the covariant formalism developed in [0]. It is a canonical formulation of general 
relativity based on the generalized Hilbert-Palatini action We use the following 3-1-1 decomposition of 

^In fact, we can obtain the SU (2) area spectrum even in the limit l3 — + oo. In this limit the covariant formalism still exists and 
possesses the same {a,b) ambiguity in the choice of connection. Choosing 6 = 1, we get the spectrum llUt given by the Casimir 
operator of SU{2) with /3 replaced by a. The only difiirence of this formulation with the previous one is that the connection 
remains non-commutative. We need to have a finite f3 to get commutativity. From this point of view, the introduction of /3 and 
the extra term in the Palatini action appears like a regularisation. 
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the fields 

6° = Ndt + XaE^dx\ = Efdx' + E^N'dt, 

E{ = h^/'^Ei, N = h-^/'^N, Vh = detEf. (44) 

Here is the inverse of Ef. The field Xa describes deviation of the normal to the hypersurface {t = 0} 
from the time direction. Let us change the lapse and shift variables as follows 

N'=Nh + Kx''^[. N = M + EtxaMh (45) 
and introduce the multiplets which play the role of canonical variables 

Af = (lj-'", ^e'^bci^i"^) — connection multiplet, 

pj^ = {Ei,eJ"'Eixc) - first triad multiplet, (46) 
Q'^x = {~^a"^Elxc-,El) — second triad multiplet, 
E{/3)x — ~ ^Qx ~ canonical triad multiplet. 
All triad multiplets are related by numerical matrices 

Px = ^IQV^ Px = ^PWY^ (47) 

51 n^^=(^J \ Rxy^gXY_^^xy^^^^^ -^^5.. (48) 

Also one can introduce the inverse triad multiplets and and projectors 

Ihx - PxPT = IK sW...^ ' (49) 

il)x - Q'xQl = K^ ,.45 • (50) 

\ l-x^ / 

These projectors are functions of the field x only and can be considered respectively as projectors in the 
Lorentz algebra on the su{2) subalgebra defined by x and its orthogonal boost part (see appendix B for more 
details). 

The decomposed action reads 

S(^) = j dtd^x{P^f3)'xdtAf + A^Gx +MhHi+MH), (51) 

Qx = diP^^)'x + f^YAlPi(3)'z, (52) 
H, = -P(/3)ii^f, (53) 

H = - . ^ ^. PwxPWYfz^RwF^. (54) 

= d,Af-d,Af + f^,AYAf. (55) 

The action (|51() gives rise to 10 first class constraints Gx, Hi^ H and also two sets of second class 
constraints 

0^^' = n^^g^Q(- = o, (56) 

^ If^'^^Q'xQYdiQi - 2{QQy'Q'zAf + 2{QQ)'^' Q'^ Af = 0, (57) 
i 

y 



where (Q<3)'^' = 9^^ QxQ{ 
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which lead to Dirac brackets. They change the commutation relations of the canonical variables so that the 
connection becomes non-commutative. Another consequence is that the area operator is not diagonal in the 
basis of Wilson lines defined with the connection Af, since the bracket {Af , Py}d is not diagonal in spatial 
indices. The action of the area operator on such a Wilson line depends on the details of embedding of the 
surface and line into 3d space [TU] . 

However, one can redefine the connection in such a way that the area operator would be diagonal on 
Wilson lines defined with the new connection. It has been shown ITTI that there is a two-parameter family 
of such Lorentz connections, i.e., transforming correctly under the Gauss and diffeomorphism constraints. 
They are written as 



+ ia6^,+bU^>){lfQ^UwzAf + AfiQ)), (58) 

where we introduced 

Af (Q) = g'^'^'nf, (^ifQ^x'fvzQldiQ'w + IfVzQx'QlQwdkQi') . (59) 
Using the explicit expressions (|4H)1. one can show that actually Af{Q) depends only on the field x- 



The connections ()58() possess the following properties: 

{Af{a,b),Pi.}D = <5^(l-6)<5|,+anf,)/(5)^, (61) 
{Afia,b),l(p^^}D = 0, (62) 
{{Af{a,b),Aj{a,b)}D,Pl}D = 0. (63) 

Prom (jnU it follows that 

Mf(a,6),xnD = 0. (64) 
Note also that they can be represented as follows 

Af{a, b)=Af + {a5^, + bli^,) {ig^UwzAf + Af' (Q)) , (65) 

where = Aj^{0,0) is the unique true space-time connection diagonalizing the area operator More 
precisely, it is the only connection from the family (|58|) . which transforms correctly under the time diffeo- 
morphisms. 

The resulting area spectrum for generic (a, b) is 



S ~ n^{a^ + (1 - 6)2)C7(sn(2)) - (1 - b)^Ciisl{2, C)) - a{l - b)C2{sl{2, C)) (66) 

where Ci = g^^TxTy and C2 = Il^^TxTy are the Casimir operators of SL{2, C) and C = I^TxTy is 
the Casimir of the SU{2) subgroup obtained from the canonically embedded one by a boost transformation 
with the parameter x""- 
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B Reducing SL{2, C) to the subgroup SU^{2) 

Let us introduce mixed tensors: 



q'k = (^^cX^ , P\ = -e\cX') , (67) 



They relate the triad and the triad multiplets 



Q\=q''xEl Pk=PxEl (69) 
Qf = q^Ef, Pi'=P^Ef (70) 



and possess the following properties: 



qScPb =PxQb =0, (71) 
q'^xQb =PxPb =5t^ (72) 

Qx^a = ^Jq)X^ PxPa = ^Jp)X- (73) 

One can say that the set of 6-dimensional vectors {p"',q"') describes a basis in the Lorentz algebra obtained 
from the standard one by a Lorentz boost with parameter x- 

It is trivial to show that the quantity © satisfy p'j^A^^^^'^ = 0. Then one can show that the remaining 
components of the connection coincide with the quantity ((21): 

Thus, 

gives an embedding of A^^^^^^ into the Lorentz algebra. 
To proceed further, we introduce the "boosted" SU{2) subgroup (let us call it SU^{2) ) with generators 

^i^^ = Q^Gx. (75) 

They form su{2) algebra with the structure constants /^^ = -Eabd f^'^'' + f^): {Qi^\Gi^hD = fab^i^^-^ I* 
turns out that if X = const, A\ transforms as a connection with respect to the transformations generated 
byd^^ 

{g^^^ {n),Ai^'^^''} D = din" + f^.n'^Ai^'^'^'. (76) 

As a result, in this restricted situation, A^^^^"" is a connection of the gauge group SU^{2) and generalizes 
the Ashtekar-Barbero connection. Similarly, the restriction of the Lorentz covariant connection Af @ to 
SU^{2) given by 

^(ash)a ^ ^a^j^X ^^j^ 

transforms according to ()76p since q!^^ commute with x- 

C Commutator of two connections 

The commutator of the space-time connection Af with itself can be calculated and is given by a horrible 
expression pH|: 

{Jd^xf{x)Af{x)Jd^yg{y)Aj{y)}D = 
-j^R^sRl I d'z [(i^f''59// - Kjf'^fdia) + f9 (4^ - Ljf)] , (78) 

2(1+^' 



^In the case of constant Xi one can redefine the generators by a matrix constructed from x to get the algebra with the usual 
structure constants Sab'^- 
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where 



K. 



ST,l 
ij 



L 



ST 
ij 



]j QnQi 



im^j ^{Q) I >gj >ej 



Qi Qj Qn + iQQhQn W " - Q] Qn Qf QpdiQl 



inQj I{Q) 



{QQ)inq] i{Q)^^ - iqq)ijqli{Q)^^ 



QpdiQq 



+ ii%fl>Qqfq'^WdiQ'z + f^QQfQpiQMQf'^<9iQ\v 



(79) 



Nevertheless, using this expression one can obtain several important properties. First of all, note that 
from (|78|) it is straightforward to check the following fact: 



ifp)siR^yz{^f,^Y}D{Rr 



IW^{P)T 



0. 



Then, since the quantity Q can be written as a similar projection of the space-time connection 

1 



jX tY 



-1\T aZ 
)z-^i ) 



(80) 



(81) 



it commutes with itself. Moreover, from equation (|64p it follows that any A{a, b) commutes with x and, 
therefore, with the function h{Q) ()6U() . This allows to conclude that the covariant generalization of the 
Ashtekar-Barbero connection A given by © is also commuting. 

Another property, which follows immediately from the relation 1)33^ . is 



tX ( aZ aWx t 



{Q)w 



0. 



(82) 



D Representations of SL{2,C) 

The generators Tx form the sl{2,C) algebra with the structure constants fxY- 

[Tx,Ty] = fxv'^z- 
Let us introduce the notations Tx = {Aa, —Ba) and 



iBi - B2, 

: iAl - A2, 



H^ = iBi + B2, 
F_ = iAi+A2, 



F3-- 



--iBs, 
iAs. 



(83) 



(84) 
(85) 



These generators commute in the following way: 

[H+, F3] = -H+, [H^,H3] = H^, [H+, = 2F3, 
[H+,F+] = [H^,F^] = [H3,F3]=0, 

[H+,Fs] = -F+, [H^,Fs] = F., (86) 

[H+,F^] = -[H^,F+]=2Fs, 
[F+,Hs] = -F+, [F_,F3] = F_, 
[F+,Fs] = H+, Fa] = -H., F_] = -2H3. 

An irreducible representation of the Lorentz group is characterized by two numbers {n, fi), where n S N/2 
and /i G C. In the space 'Hn,^i of this representation one can introduce an orthonormal basis 



m 



+ 1, • • • , j - 1, j, / = n,n+ 1,. . . 



(87) 
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such that the generators introduced above act in the following way |3Uj : 

H+^j,m = y^(j+m+l)(j-m)^jvm+i, (88) 

H-ij,m = \J (j + m)(j - m + l)^j- 

F'iij,m = \JP - m'^ij~l,m + " 7(j+l) \/ (j + 1)^ " "T-^Cj+l.m, 

^+Ci,m = 7(i)\/(j - - m - l)^j_i,m+l + - + m + l)Ci,m+l 

+ 7{i+i)\/(j + m + l)(j + m + 2)ej+i,™+i, (89) 

i^-?j,m = -7(j)\/ (j + "i)(j + m- l)Cj-l,»n-l + P{j)\J{j + -m+ l)^j,m~l 

- 7(i+i)\/(j -m+l){j -m + 2)Cj+i^rn-i, 



where 



The unitary representations correspond to two cases: 



(90) 



1) (re, /i) = {n,ip), n G N/2, p G R — principal series^ (91) 

2) (re,/i) = (0,p), IpI < 1, /9 E R — supplementary series. (92) 

The principal series representations are the ones intervening in the Plancherel decomposition formula for 
functions over SL{2,C). Simple representations are the representations of the principal series with the 
vanishing Casimir C2{sl{2,C)) [211 122j . There are two types of such representations: (n, 0) and {0,ip). In 
both cases we have /Jq) = for all j. However, the representations (0, ip) have the particularity that they 
possess an SU{2) invariant vector ^o,o- 



E Creating a Lorentz connection from an SU{2) connection 

Let us suppose that we have a hypersurface with an SU{2) connection a. Now, we would like to extend the 
SU{2) structure to a SL{2,C) one and the connection a to a SL{2,C) connection A. For this purpose, we 
introduce on the hypersurface a time normal field x S 'H+ = SL{2,C)/SU{2) valued on the (upper part of 
the two-sheet) hyperboloid. We choose a reference vector xo on the hyperboloid and define x £ SL{2, C) 
rotating from Xo to x- Let us define the isomorphism 

i^ : su{2) su^{2) (93) 

and the projection 

: s/(2,C) ^ SMx(2). (94) 

Then, we would like to define the Lorentz connection so that Iy.A = i^a. Let A = i-^a + b. Action of a 
gauge transformation g G SL{2, C) is defined by splitting g into its SU^{2) part acting with the initial SU{2) 
action on a and its pure boost part acting on the field x- Good behaviour of A under gauge transformation 
gives the following conditions on b: 

yg G SUx{2), % = gbg-^ + x{dx-^) + g{dx)x-^g-^ (95) 

and 

yg pure boost, ^b = gbg^^ + g{dg^^). (96) 
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A priori, there are many solutions to these equations. The simplest solution is 6 = x{dx^^). Thus, this 
procedure allows to create an SL{2,C) connection from an SU{2) one by introducing the vector field x- 
It can be used to construct the covariant generalization of the Ashtekar-Barbero connection Indeed, 
one can start from the SU{2) Loop Gravity, with a hypersurface provided with an SU{2) connection a (the 
Ashtekar-Barbero connection), and, following this procedure, one can try to make the formalism explicitly 
covariant. First, we introduce a time normal field x (which allows to go out of the time gauge) and then we 
construct A = i^a + x{dx~^), which gives rise to an SL{2, C) structure with a covariant connection on the 
canonical hypersurface. It turns out that this result matches exactly what comes out of the direct covariant 
canonical analysis as described in section 2: b = x{dx^^) coincides with the function A{Q) and i^a should 
be identified with A^^'^'^) (f77|l . 
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